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Abstract: We construct continuous-time equilibrium models based on a fi¬ 
nite number of exponential utility investors. The investors’ income rates 
as well as the stock’s dividend rate are governed by discontinuous Levy 
processes. Our main result provides the equilibrium (i.e., bond and stock 
price dynamics) in closed-form. As an application, we show that the equi¬ 
librium Sharpe ratio can be increased and the equilibrium interest rate can 
be decreased (simultaneously) when the investors’ income streams cannot 
be traded. 
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1 Introduction 


We construct equilibrium models in which a finite number of heterogeneous exponential 
investors cannot fully trade their future income streams. We show that the framework 
of continuous-time Levy processes produces the Radner equilibrium in closed-form (i.e., 
optimal strategies, interest rates, drifts, and volatility structures are available in closed- 
form). Besides allowing for more model flexibility, we show that by going beyond models 
based on Brownian motions we can produce the following empirically desirable feature: 
The class of pure jump Levy models can simultaneously lower the equilibrium interest 
rate and increase the equilibrium Sharpe ratio due to investors’ income streams being 
unspanned (i.e., due to model incompleteness). 

The first construction of an incomplete continuous-time model which allows for an 
explicit description of the Radner equilibrium was given in [^. As an application of 
this model, [7j show that model incompleteness can significantly lower the equilibrium 
interest rate. However, the (instantaneous) Sharpe ratio is unaffected by the model’s in¬ 
completeness]^ Besides being of mathematical interest, our motivation behind extending 
the Brownian framework in [7] to the more general Levy framework is to produce simulta¬ 
neously a negative impact on interest rate and a positive impact on the Sharpe ratio while 
still maintaining a closed-form equilibrium model. Our desire to construct an incomplete 
equilibrium model with these features is of course due to Weil’s celebrated risk-free rate 
puzzle (see M) as well as Mehra and Prescott’s equity premium puzzle (see [IS]). These 
and other asset pricing puzzles are also discussed in detail in the survey [5]. 

The literature on continuous-time Radner equilibrium theory in models where the 
investors’ income streams are spanned (i.e., complete models) is comprehensive and we 
refer to the recent references on endogenous completeness n, HI, lEi, and [IE] for more 
information. On the other hand, models with continuous-time trading and unspanned in¬ 
come streams (i.e., incomplete models) are much less developed and only in recent years 
has progress been made. The papers m, ea. 0 . and HTl consider models with expo¬ 
nential utilities, no dividends (i.e., only financial assets), and discrete-time consumption]^ 
These papers differ in how general the underlying state-processes describing the investors’ 

^Theorem 4.1 in [8] shows that no model based on exponential utilities, continuous consumption, and 
a filtration generated by Brownian motions can ever produce an incompleteness impact on the Sharpe 
ratio when this ratio is measured instantaneously. 

^By restricting the investors to only consume at maturity, the economy’s interest rate cannot be 
determined. Furthermore, by only considering financial assets, the assets’ volatility structures also remain 
undetermined. Therefore, the interest rate and the volatility parameters are taken as exogenously specified 
model input in such models. 
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discrete-time income streams can be: |2S] considers a Brownian motion and an indepen¬ 


dent indicator process. [25] and |6| consider multiple Brownian motions (|6] also allow for 


processes with mean reversion) whereas the recent paper na allows for a non-Markovian 
Brownian setting. The current paper is more related to [7] and [S] who - in Brownian 
settings - consider both hnancial and real assets in the case of exponential investors with 
continuous-time consumption. Indeed, the current paper can be seen as a direct extension 
of [7] to the setting of discontinuous Levy processes. 

The paper is organized as follows: The next section describes the underlying Levy 
framework. Section 3 provides the solution to the individual investors’ problems. Section 
4 contains our main result which provides the equilibrium parameters in closed-form. The 
last section illustrates numerically the equilibrium impacts due to incompleteness in the 
Gaussian compound Poisson case. The appendices contain all the proofs. 

2 Mathematical Setting 

2.1 Underlying Levy process 

We let T > 0 denote the time-horizon and we let I denote the number of investors. 

(J^t)fg[o,T],P) denotes the underlying hltered probability space and we assume that 
T = J-T- For some underlying M^+^-dimensional pure jump Levy process r] we denote by 
N = N{dt,dz) the random counting measure on [0,T] x associated with r/’s jumps. 
The corresponding compensated random measure is denoted N{dt, dz) = N{dt, dz) — 
v{dz)dt where v is referred to as the Levy measure on associated with r^’s jumps, 

see, e.g., [2] and [23] for more details about these objects. We assume that is 

the filtration generated by r] (right-continuous and completed). 

The following regularity assumption on the Levy measure iz will be made throughout 
the paper: 

Assumption 2.1. In addition to the usual properties 



( 2 . 1 ) 
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the Levy measure u satisfies the following three conditions: 


z^^^\p{dz) < CX), 


lhll<i 


Ih >1 


> 0) > 0 and v{z^^^ < 0) > 0. 


( 2 . 2 ) 


e“(°)"(°)+“(')"(')z/(d^) < CX) for all e M and z = 1,(2.3) 


(2.4) 


0 

Assumption 2.1 requires a few remarks: [7] consider the case of correlated Brownian 
motions with drift which is why we focus exclusively on the pure jump case. The re¬ 
quirement that (2.3) holds for all and in M can be relaxed to a certain domain 


at the cost of more cumbersome notation (this can be seen from the proofs in Appendix 
B). Condition (2.2) is not implied by ( 2.1[ ) because it requires that u can integrate z^^'> 
instead of (z*^°^)^ on the unit ball and has a number of implications; e.g., (2.2) ensures 
that the process 


Jf = 


filKi 


z^^^N{dz,dt), te[0,T], 


(2.5) 


is well-defined and is of finite variation]^ We note that J can still have infinite activity 
on finite intervals. The last condition (|2.4|) can also be relaxed to requiring that a certain 


explicit function is onto (see the last part of Lemma A.l in Appendix A). 


2.2 Exogenously specified model input 

The I investors are assumed to have heterogeneous exponential utilities over running 
consumption, i.e., 


Ui{c) =—e n, c G M, Tj > 0, z = l,...,/. (2.6) 

Here the investor specific constants are referred to as the risk tolerance coefficients. 

We consider a pure exchange economy in the sense that bond prices, stock prices, 
income, and dividend processes are all quoted in terms of the model’s single consumption 

'^The process J will be related to the stock’s dividend process D in the next section. 
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good. The i’th investor’s income rate process is modeled by 

dYit = fiidt + ai I z^''^N{dt,dz), Yio e M, (2.7) 

jR-f+i 

where /Xj and aj > 0 are constants for i = 1,..., /. The single stock’s dividend rate process 
is modeled by 


dDt = Hodt + (To z^^'^N{dt, dz), Dq G M, 


( 2 . 8 ) 


where hd and an > 0 are constants. Because (2.5) is of finite variation, we see that D is 


of hnite variation too (T) dehned above by (2.7) might not be). 


We note that the processes (2.7) and (2.8) are not independent; indeed, the quadratic 


cross characteristic^ between D and 17 are given by 


d{Yi,D)t= aiaDZ^^h^"'^u{dz), t e [0,T], i = l,...,/. 

jR^+l 


2.3 Endogenously determined price dynamics 

We will restrict the hnancial market to only consist of two traded securities (one hnancial 
asset and one real asset). The hnancial asset is taken to be the zero net supply money 
market account. Its price process will be shown to have the following equilibrium dynamics 



sfZdt, sr=i. 


(2.9) 


where r is a constant. Because the interest rate r is deterministic, the money market 
account is equivalent to zero-coupon bonds of all maturities. In the following, we will 
need the corresponding annuity 



«e|0,r]. 


( 2 . 10 ) 


The real asset is a stock paying out the dividend stream D (see 2.8). This security is 
in unit net supply and we will show that its equilibrium price dynamics are given by 


dSt + Dtdt = (rSt + iJ,{t)\dt + aDA{t) f z^^'^N{dt, dz), St-= 0, (2-11) 

V / Jj^i+i 


m- 


^The brackets (•, •) are also called the conditional quadratic cross variation; see, e.g., Section III.5 in 
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for t G [0, T) where /i is a deterministic function. In order to have St dehned for t G [0, T], 
we explicitly dehne St to be St- (i.e., there is no jump in S' at t = T by dehnition). 

The following assumption is placed on the equilibrium output parameters and needs 
to be verihed for any candidate set of parameters. 

Assumption 2.2. The function fi is continuous on [0,T] and is constant. 


0 

As discussed in the Introduction we are interested in how model incompleteness im¬ 
pacts the interest rate r and the stock’s Sharpe ratio A. The stock’s (instantaneous) 
Sharpe ratio is dehned as the constant 


A = 


p(t) 


anAit) 


( 2 . 12 ) 


The Sharpe ratio (2.12) measures the stock’s return (cleaned for interest and dividend 


components) relatively to the standard deviation of its noise term. Sharpe ratios have 
been widely studied and used in the literature and we refer to [9] for an application of the 


Sharpe ratio (2.12) in a continuous-time jump diffusion setting. 


We end this section by introducing the set of equivalent martingale measures Q which 
will play a key role in what follows. For a process 'ip = we consider sigma-mart ingales 

of the linear form 


dZf = Ztl ipt{z)N{dt,dz), tG[0,T], Zt = l. 




(2.13) 


To ensure that a unique solution of (2.13) exists, we require that p) is A-integrable in the 


sense that pj is a predictable how satisfying the integrability condition 


P ( / / tpt{zYi^{dz)dt < cx) ) =1. 

'0 JR-f+i 


(2.14) 


To ensure that the solution of (2.13) is strictly positive we require 


iJtiz) > —1, P-a.s., for all 2 ; G and t G [0,T]. 


(2.15) 


Under conditions (2.14) and (2.15), the unique solution of (2.13) is a strictly positive local 
martingale. We additionally require that this process Z"^ is a martingale. This martingale 
property allows us to dehne the associated probability measure Q = on J^t by the 
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Radon-Nikodym derivative ^ The final requirement we place on the integrand 

is the sigma-mart ingale property under Q of the process St/S^^'^ -|- Du/Su'^du, t G [0, T], 
Ito’s product rule can be used to see that this requirement is equivalent to the propertjj^ 


aDA{t) 


+ 


'il)t{z)z'^^^h'{dz) = 0, P-a.s., for all t G [0,T]. 


(2.16) 


When tjj satisfies the above requirements we refer to the associated measure Q = as 
an equivalent martingale measure. Finally, we note that because the model is 

incomplete, there exist infinitely many integrands V’ satisfying the above requirements 
(Theorem 3.1 and Theorem 4.2 below explicitly construct such integrands). 


3 Individual investors’ optimization problems 


In this section the price dynamics (2.9) and (2.11) as well as Assumption 2.2 are taken as 


input and we consider the i’th investor’s utility maximization problem. Because = 1, 
the investor’s initial wealth is given by Wo = ^lo- + where investor’s i’th initial 

endowments are units of the money market account and 6io- units of the stock. In 
the following we will let c* denote the consumption rate in excess of the income rate T), 
i.e., investor i’ths cumulative consumption at time t G [0,T] is given by /^(ciu + Yiu)du. 

We next describe the i’th investor’s set of admissible strategies Ai = ^(0*-*^) where 
is some investor specific equivalent martingale measure (Theorem 
the specific Q^*^). The investor can choose predictable processes 0 = and Cj = 

(cn)te[o,T] to generate the self-financing gain dynamics 


3.1 


below gives 


dXit = (rXit - Cit +9tfi(t))dt + 9taDA{t) [ z^^^N{dt,dz), Wo 

V / l^i+i 


(3.1) 


provided that the various integrals exist on [0,T) and provided that the left limit XiT- 
exists. In that case, we define the terminal value XiT = XiT- in order to have W defined 
for all t G [0,T]. The investor is required to leave no financial obligations behind at 
maturity in the sense that 

XiT > 0, P-a.s. 


Finally, to rule out arbitrage opportunities, we require the process Xu/Sf'’ -t- Ciu/Su^du 
is a Q*^d_supgr] 2 iartingale for t G [0,T]. When these requirements are satisfied we write 


^Conditions (13 and ( |2.3[ ) of Assumption |2 .1 1 allow us to use Cauchy-Schwartz’s inequality together 
h (|9 1 4ll tn spp rfiat 


with (2.141 to see that z^^YjXiz) is i^-integrable. 
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{0, Ci) G Ai- 

The investor’s maximization problem is given by 


sup E 
(0,ci)eA 


Ui{cit + Yit)dt 


(3.2) 


where the exponential utility function Ui is defined by (2.6). The rest of this section is 
devoted to describing the solution of (3.2). To do this, we first note that Lemma A.l in 
Appendix A ensures that the function 


jR^+l 


(3.3) 

has a well-defined continuous inverse /*(i)(-) with domain M. We can then dehne the 


constants 6* G M by (here we use (2.2) and the assumption that ijlA ^ is constant) 


= 

V j^i+i 


+ I z^^K{dz) ) , 


(3.4) 


where A is the annuity dehned by (2.10). This allows us to dehne the constants gi by 

^ A[tr^6;fi[t} + -fii 

(3.5) 


gi = -r + —A{t) 6*g,{t) —/i* 

'T~i 




e n 


1 H- 9*(Tdz^^'^ ^ - ]u{dz). 

Ti 'To 


In terms of these objects, the following result provides the explicit solution to (3.2); 


see Appendix B for the proof. This shows that Theorem 1 in [7] carries over from the 
Brownian framework to the current setting of Levy processes. 


Theorem 3.1. Let Assumptions 2^ and 2^ hold. Then the deterministic integrand tfji 
defined by 


^/Ji{z) = e'^i' n ' - 1, ^ e M + , 


(3.6) 


produces an equivalent martingale measure via the martingale density (2.13). Fur¬ 
thermore, for the corresponding admissible set Ai = v4.i(Q*^®^), the processes (9*,c*) G Ai 


attain the supremum in (3.2) where 9* is defined by (3.4) and 


4 = A{t)-^x:, + nA{t) 


\-i 


e — t)ds, fG [0,T]. 


(3.7) 
















In (3.7) the process X* denotes the gain process (3.1) produced by {9*,c*). 


The proof of Theorem 3.1 establishes that the optimal controls produce a 

corresponding gain process X* with the property 

X*rp = 0, P-a.s., 

which means that optimally the investor leaves no wealth behind. 


4 Radner equilibrium 

This section contains our main result which provides the Radner equilibrium in closed- 
form. We start by dehning what we mean by an equilibrium in the present setting: 

Definition 4.1 (Radner). We call given by (2.9) and (2.11) for an equilibrium 


if these price processes are produced by a pair (r,/i) satisfying Assumption 2.2 and if: 

1. There exist equivalent martingale measures and processes (9*,c*) G Ai = 


which attain the supremum in ( |3.2 ) for ^ = 1,..., /. 

2. The markets clear in the sense that for all (t,u) G [0,T] x we have 




4=1 


4=1 


4=1 


(4.1) 


0 

Our main existence result (the proof is in Appendix B) is stated in terms of two 
deterministic functions (r, p): First we dehne the Sharpe ratio A G M (constant) through 
the requirement 




a/ 


1 

-—o-i 


4=1 


-AW / (z(0))2z/(dW + / z^°^iy{dz) I =0, 

/R-r-l-i 


(4.2) 


where the inverse functions (/*)f=i are dehned in the previous section (see 3.3). Lemma 


A. 1 in Appendix A ensures that (4.2) uniquely determines A. Then we can dehne constants 


e* for i = 1 ,...,/ by 


9* = 


A ri 

J 1 

-tX* 


f {z(Ayiy{dz)+ z(°W(dW 

W-l-i Jr^-I-1 


(4.3) 
















In turn, this allows us to define the constant 


I „ / 

r =+ o 

'Ts ^ ^ jRl+i 




2=1 


2=1 


2=1 


(4.4) 


where = X]i=iFinally, we can define the annuity A{t) by (2.10) for r defined by 


(4.4) and we can define the drift 




(4.5) 


Theorem 4.2. Let Assumption 


the above functions (r,/r) by (4.4)-(4.5) as well as 


2.1 


hold, let J2i=i ^io- — 0; 12i=i ^io- = 1? define 


i/>;(j) = e^( ”ot‘)''”‘'‘‘‘4'“”- 1 , jeK'+‘, «e|o,r], 


(4.6) 


where f is the inverse of the mapping 


jR^+i 


(4.7) 


Then with defined by (2.9) and S defined by 

, te[o,T], 


Sf.= 


e-r(s-t)D js 


_J t 


T. 


(4.8) 


where Q* is the equivalent martingale measure defined via Z^*, constitute an equilibrium. 


We note that fi* defined by (4.6) does not depend on time because (4.5) ensures that 
PjA~^ is constant. 


5 Application 


In this section we will compare the incomplete equilibrium of Theorem 4.2 with the 
corresponding complete equilibrium based on the representative agent. In the second part 
of this section we specify the Levy measure z/ to be the widely used compound Poisson 
process with Gaussian jumps and illustrate numerically the impacts on the resulting 
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parameters due to model incompleteness]^ 

5.1 Representative agent’s equilibrium 

It is well-known that when all investors have exponential utilities, then so does the sup- 
convolution describing the representative agent’s preferences with risk tolerance coefficient 
Ts = J2i=i Section 5.26 in [13]. We therefore dehne the representative agent’s 

utility function by 


U„r{c) = c € R. 


(5.1) 


The consumption-based capital asset pricing model developed in |1| (and extended in 
m to certain incomplete models) is based on constructing price processes by applying 
the hrst-order condition for optimality in the representative agent’s problem through the 
proportionality requirement 

U^D, + ^ n) « t € [0, T], (5,2) 

i=l 


Here is the interest rate and is the model’s (unique) martingale density. This 
model (i.e., and Z’’®p) will serve as the basis for our comparison. Ito’s lemma produces 
the following dynamics of the left-hand-side of (5.2) 


+ Ell y„) 

+ El, A) 

= [ (e I'E ) — l)iV((if, dz)-fho + 

Jri+1 Ts V ^ ) 

+ [ - 1 + + y aiZ^^^))iy{dz)dt. 


^The geometric form of this Levy process was first used in finance by Merton in his classical paper 
pn] . It is also the basis for Bates’ asset pricing model developed in [3|. 


11 





By matching coefficients with the right-hand-side of (5.2) we hnd 


dZr^ = ZU [ ( 5 . 3 ) 

jRJV+i 


^rep _ 


tt. 


/E^+1 


i=l 

e-s("o'™+a..».«>■>) _ 1 + 1(^^^(0) + y 

Tt. ^ ^ ^ / 


i=l 


We denote by Q’^®^ the measure dehned by = Z!^'^ on J^t- We hnd the parameters 
describing the stock dynamics by computing the dynamics of 


crep ^ 




.Jt 




, fe[o,T]. 


(5.5) 


As in the proof of Theorem 4.2 in Appendix B, we hnd that the dynamics of (5.5) are of 


the form (2.11) but with r = r''®P, A = A’'®p and /r = /i'’®P where 

yT®P(t) = ^ 

jR^+l 


(5.6) 

(5.7) 


for t G [0,T]. Finally, the Sharpe ratio based on the representative agent is dehned as: 


^rep _ 


CTd/1"p(«) \JJZAAAMdz) 


(5.8) 


which is the analogue of (2.12) 


5.2 Incompleteness impacts in a numerical example 

In this section we consider the Levy measure corresponding to a compound Poisson process 
with Gaussian jumps (i.i.d. zero-mean normals with covariance matrix E) and a unit 
constant Poisson intensity. In other words, for a symmetric positive dehnite matrix S 
with unit diagonal elements, we consider the Levy measure 


u{dz) 


V(27r)^+idet(E) 




"^dz, z G 


D-Z^+l 


(5.9) 
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This measure satisfies Assumption 2.1 Furthermore, the functions /* and / (the inverse 


functions of 3.3 and 4.7) can be expressed via the Gaussian moment generating function 


^ ^ and its derivatives. 


Based on (4.4) and (5.4), we see that the incompleteness impact on the equilibrium 


interest rate is given by 


— r = 


"H T-s 
2=1 


( 0 )_ 


n — e ^ ^ \v[dz). 


Jensen’s inequality and the clearing property J2i=i ^ (see 4.5) can be used to see that 
this difference is always non-negative (a similar observation is made in [7] and m)- On the 
other hand, the impact on the instantaneous Sharpe ratio due to model incompleteness, 
A — can be both positive and negative. Here A'’®^ is defined by (5.8) and the 


i.e. 


(instantaneous) Sharpe ratio A in the incomplete equilibrium is defined by (2.12) and is 
found implicitly by solving 


(^D 




(-A) = 0. 


(5.10) 


2=1 


This follows from (4.2) and the zero-mean and unit variance properties of v[dz). 


To proceed with the numerics, we will use a fiat correlation matrix in the sense that 
Sjj = p for i ^ j and = 1 for i,j = 0,1,...,/ where p G (—1,1). The remaining 
parameters used to generate Figure are 


an = ■‘21, (Ti = .l, Ti=T, i = 


(5.11) 
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r'^-r 


A-A™'’ 



Figure 1: Plot of impacts due to model incompleteness on r’'®P —r (left) and A —(right) 
seen as a function of the correlation coefficient p. We consider the limiting economy 

(/ —)■ CXD 

tolerance coefficients t: t = 


whereas the remaining parameters are given by (5.11) for the various risk 
I (-), T=l (-), and r = | (- - - -). 


From Figure [T] we see that our model simultaneously can produce a positive impact 
on the equilibrium (instantaneous) Sharpe ratio and a negative impact on the equilibrium 
interest rate. As discussed in the Introduction, these effects are empirically desirable 
because they are linked to the asset pricing puzzles in [21] and [T9|. Finally, we note that 
as p t 1 fhe resulting model approaches the representative agent’s complete model and 
both incompleteness impacts vanish. 


A Two auxiliary lemmas 


Lemma A.l. Suppose Assumptions 2.1 holds. Then the partial derivative 




d 




^{dz), G M, 


Jffii+i 

is a well-defined function and satisfies the following properties: 

1. The function (pi has the representation 


(A.l) 


(A.2) 


2. The function pi is jointly continuous. 

3. For fixed G M, the function —>■ is strictly increasing and onto 

M. Conseguently, the inverse function f^l){-) exists and is continuous on M. 
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Proof. For the first claim, we can use the bound 


etiz _ ^1 

~w~ 




(A.3) 


This bound is integrable by (2.2) and (2.3) of Assumption 2.1 Therefore, the dominated 


convergence theorem can be used to produce the representation (A.2). The second claim 


follows similarly. The strict monotonicity property in the last claim follows directly from 
(A.2). Finally, (2.4) ensures that the map is onto M. 

0 


Lemma A.2. Suppose Assumption 2.1 holds. Let r G M &e a constant and define A by 


(2.10). For any two continuous functions {m,c) on [0,T] there exists a unique solution of 
the linear SDE 

dXt = ({r — A[t)~^^Xt + m{P^dt + A{t)c{f) f N{dt, dz), Xq G M, (A.4) 

on [0,T) with Xt —)■ 0, P-a.s., as t f T. 

Proof. The proof only requires the following modihcation to the proof of Lemma 1 in [7] : 
For b{t) = r — A{t)~^ we claim that the martingale 

It= [ [ tG[0,T), 

Jo Jr^+i 

is uniformly bounded in L^(P). In that case, the martingale convergence theorem ensures 


that It converges P-a.s. to an M-valued random variable as tf T. We can express (2.10) 

as ^ 

A{t) = [ = -(1 - t G [0,T]. 

Jo r 

Consequently, Jg A{u)~^du f -|-oo as t f T which implies that eJo converges to zero 

as t f T. 

To see the claimed L^(P)-boundedness, we compute for t G [0, T) the expected quadratic 
variation 


E 


[I]i 





0 JR^+i 


<T sup e-2^o^W'iM(s)2c(s)2 / (z(o))V(dz). 

s &[ 0 , T ] Jr^+i 
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Because all involved functions are continuous, it suffices to observe 


lime- 2 ^ 0 'W'^M(s)2c(s)2 = limA(0)2c(s)2 = A{Qfc{Tf < oo. 
st'T st'T 

The first equality follows because = —2A{t)~‘^b{t) whereas the continuity of c 

produces the last equality. 

0 


B Proofs 


Proof of Theorem 3.1 , The proof is split into a number of steps: 


Step 1: We start by verifying that (3.6) produces an equivalent martingle measure 


We can use (3.4) to re-write (3.6) as 


P 


i)i{z) = e 


1 

- _ CT,; 


o-dAO) 


+/k/+i z^°Pidz)jzP^-Ac 


y(i) 


1, z e 


D ^+1 


(B.l) 


To see the integrability property 


{fji{z)Yi>{dz)dt < oo, 


Jo 

it suffices to note that /* ^ (•) is continuous and then use the bound |e^ — 1| < 


z G M, together with the integrability conditions in Assumption |2.1 Novikov’s condition 


for Levy processes (see Theorem 9 in [22]) ensures that the solution of (2.13) is 


a strictly positive martingale. The sigma-martingale property (2.16) follows from the 


representation (B.l) and the definition of the inverse function /* (see 3.3). 


Step 2: We next verify the admissibility of 9* defined by (3.4) and c* defined by (3.7). 


For t G [0,T), we insert (9*,c*) into the wealth dynamics (3.1) to produce the dynamics 


dX*t= (^(r-A(t) ^)X*^-TiA(t) ^ f e gi{s - t)ds + 9* 


dt 


9*a]:)A{t) / z^^^N{dt,dz). 

jR^+i 


By continuity of all involved functions, these dynamics are well-dehned on [0,T). To 
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apply Lemma A.2 we need to show that 


m{t) = A{t) ^ e *^gi{s — t)ds + 6*fi{t) 


(B.2) 


is a continuous function on [0,T]. The only potential problem is for the hrst term when 
t = T. However, L’Hopital’s and Leibnitz’s rules produce 

e-^^^-^^rgi{s-t) - gi)ds 

hm — --- = hm — --- = 0. 

ttT A{t) t\T rA{t) - 1 

To hnish this step we will next prove that c*^/Su^du is a Q*^*)-martingale for 

t G [0,T]. Girsanov’s theorem produces the Q*^®^-dynamics 


(N{dt, dz) - (l + 'ipiiz)) u{dz)dt). 
jR-r+i ^ '' 


The needed martingale property follows from 


/R-f+l 


{z^^^f{l + ^l^i{z))u{dz)<oo. 


This integrability property follows from the dehnition of xfji (see 3.6) and the integrability 


requirements in Assumption 2.1 


Step 3: We need to verify that the pair (d*,c*) attains the supremum in (3.2). We start 
by showing that there exists a constant a > 0 such that 

C.'(4 + r„) (e|0,T]. (B.3) 

Ito’s lemma produces the dynamics of the left-hand-side to be: 
m^‘+Y‘\ = / - l)Nidt.d.) 

+ Yit-) JiRi+i 

+ [ - 1 + -[e*aDZ^°^ + a,z^^'>))u{dz)dt 

Jm^+1 Ti / 

- ^ (^9*fi(t)A(t)~^ - giTi + fij^dt 

= / ipi{z)N{dt^dz) — rdt^ 
jR^+l 
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where the last equality uses ^fj’s dehnition (see 3.5) as well as dehnition (see 3.6). 

We now have all the ingredients needed to perform verihcation: For any [9, Ci) G Ai 
we have 


E 


Ui{cit + Yit)dt 


L-'o 


< E 


< E 


= E 


= E 


Zf' 




Z^’i 

+ a 

Z'i’i 

Vii<^T^)dt + OL 


f>T yiii ^ 

* -{Cit + Yit)dt + aZp^ 


( 0 ) 


'o 

rT yipi 


s, 




k s'"’ 

rT yipi 


Yifdt 


cxX-i 


iO 


-‘t 




+ Yit)dt 


’o Si 


( 0 ) 


+ Yit)dt 


uo 


The function Vi is the Fenchel conjugate Vi{y) = sup^j^g (^*(^) ~ '^Dp ?/ > 0- The 
hrst inequality uses Fenchel’s inequality and the non-negativity of a and XiT- The second 
inequality uses the Q^^^-supermartingale property of admissible controls. The hrst equality 
uses the martingale property proven in Step 2 and X*rp = 0. Lemma 3.4.3(iv) in [T6j proves 
the relation U{x) = V(U'{x)) + xU'{x) which provides the last equality. 

0 


Proof of Theorem f.2. We start by noticing that the requirement (4.5) ensures that fiA 


1-1 


is constant. Because A dehned by (2.10) is continuous, we see that /i is also continuous 


on [0,T]. Consequently, the pair (r,/i) satishes Assumption 2.2 


For 7p* dehned by (4.6) the corresponding exponential (2.13) is a strictly positive 


martingale. This follows from 


/M^+i 


{f>l{z)Yi'{dz)dt < oo. 


(B.4) 


and Novikov’s condition for Levy processes (see Theorem 9 in [22] )• The integrability 
property (B.4) follows from the dehnition of fj* (see 4.6) and the integrability requirements 


in Assumption 2T Consequently, Q* is a well-dehned equivalent martingale measure. 
Girsvanov’s theorem and (4.6) change the P-dynamics (2.8) to the following Q*-dynamics 


dDt = (fiD — p{t)A{t) ^')dt + aD I z^^^ (N{dt,dp — P + 


18 
































To ensure that the stochastic integral is a Q*-niartingale it suffices to see 


+ < oo. 


This follows from '^*’s dehnition (4.6) and the integrability requirements in Assumption 


2.1[ Fubini’s Theorem for conditional expectations produces 

/•T 

= A{t)Dt+ [ / [^lD-Ku)A{u)-^du)ds. 


(B.5) 


This representation and the property A'(t) = rA{t) — 1 produce the dynamics (2.11). To 


see that St- = 0 we can use (B.5) to re-write the dynamics (2.11) as 


dSt= (ir - A{t)-^)St ++A{t)-^St-Dt)dt + (TDA{t) f z^^^N{dt,dz) 

^ ' jR^+i 

= (A{t)-^ e-As-t)dn (p^-p(u)A(M)-^dn)ds (B.6) 

+ (^r — A{t)~^^St + id{t)\dt + aDA{t) f z^^^N{dt, dz). 

' -w+i 


The deterministic part of the drift in (B.6), i.e., 

rT rs 


m(t) = A(t) ^ J e t)du j ^du)ds + 

is a continuous function on [0,T]. This can be seen similarly as the argument following 


(B.2) above. Lemma A.2 then produces St- = 0 


To see that the clearing conditions (4.1) hold, we hrst note that (4.5) ensures that the 
stock market clears, i.e., — 1- Clearing for the money market account market is 


equivalent to St = t = 0 this holds. We can use (3.7) and X]i=i = 1 


to hnd the following dynamics 

= ((>•- E - T, f 

i=l i=l i=l 

+ aDA{t) [ z^^^N{dt, dz). 


^-r{s-t) 


gi{s — t)ds + n{t) \dt 
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Therefore, the representation (B.6) produces the equivalent requirement 


I 

-'^ngi = te[o,T]. 

i=l 


To see that this relationship holds we can insert the definition of gi (see 3.5) and use the 
dehnition of r (see 4.4). We note that this argument also produces clearing in the good’s 
market, i.e., which finishes the proof. 

0 
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